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6. (a) ly b)x= S72 (© x = L2 +1n(y/5)), defined fory >0
ax=

1
7. (8)y = In(2 + &), defined forx € R (b)y—--lna——ln(—-l) deﬁneafi

8 (a) VT3 ®) V17 (C)W-Q 3al. (Note that 2 — 3a1sthecmect;
a < 2/3. Check this by puttinga = 3.)

9. x—22+(+3?=125 ) x+2)?+ (0 —-2?=65

0. x-32+0-2 =0~ 5)2 4 (y + 4)%, which reduces to x — 3y = 7). SeeFlg Y

Figure A5.R.10 i 11

11. The function cannot be one-to-one, because at least two persons out of :inyﬁ
group. GUEVEUTE ' :-:;a-x

Chapter 6 | o VR L

Yo SeOnd s ST
6.1 vl
1. f(3) = 2. The tangent passes through (0, 3), so has slope —1/3. Thus, f'(3) = —1 /30
2. g5)=1¢g0)=1.

6.2

1 F5+h) —f(5) = 45 + )2 — 4- 5 = 4(25 + 10h + K?) — 100 = 40h + 4. So
4h — 40 as h — 0. Hence, f'(5) = 40. This accords with (6) whena 4andb :C

.
. i

2. @f(®) =6x+2 )f0) =21 (-2)=—10,f(3) = 20. The tangent equation i
3. dD(P)/dP = —

4. C'(x) = 2gx i & «.’hf
5, [GtD—f® _VG+h-1/x _x—G+h) _ —h .

h h hxx+h)  hxGx+h) x(x"-l-'h)',
6. @SO=3 GBf1H=2 ©F@)=-1/3 FO0) =-2 @F(1)=

L = N

7. @f(x+h) - f(x)—a(x+h)2+b(x+h)+c—(ax2+bx+C) éahx+bh+

(b)f'(x) = 0 for x = —b/2a. The tangent is parallel to the x-axis at the mini
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=% S 0y f1d)-<0
f 0 20 fohan 4 side. (b) Rearrange the identity in (a).
oft-
§ 9 £x ;hi 0, the formula follows. (Recall that /x = x!/2 and 1//x = x-! n)
o pting

n = b — e
(c)bem +2bx+C- (b)Puta=1landb=c=

d =0 to get the result in Exa
f )™ i expression as 1n Exercise 7(a). ; SLEN RS O
b Os ™ ! gt
-—) —
P2 o T Gt AR AR~ 3R Sh o O and = 2o,

i

63 - s0 f(X) i decreasing in (—09, 2], increasing in [2, 00).

‘.f(ﬁ)’ or—1= —3(x — Xp)(x — x;), wWhere x, = %(4 - V13)~0.13 and x, = %(4.*. J13) ~ 2.54.

) 0= b Gbreasing in (—00, X, increasing in [x,, x, ], and decreasing in [x;,00).
is
o f 9 . ti ~
T ion in the bracket is a sum of two squares, so it is never negative and it is 0 only if both Xy + $x, and x,
res

3 TheeXPal 0 0. This happens only when x; = x, = O Thl.ls the' bracket is always positive if x, # x,, and then 3 — x
o same Sign as X = Xp- It follows that f is strictly increasing.

:izn pave th

6.4
j, €100 =
cis the marginal cost, and also the (constant) incremental cost of producing each additional unit, whereas C is

the fixed cost.
3 @S0 =5 (b) §'(Y) = 0.1 + 0.0004Y

203 and C'(x) = 2x + 3.

4 TH) =150 the marginal tax rate is constant.,

5, The interpretation of X' (0) = —3 is that at time ¢ = 0, the rate of extraction is 3 barrels per minute.

6 () C(x) = 3> — 180x + 7500  (b) By (4.6.3), the quadratic function C'(x) has a minimum at x = 180/6 = 30.
7 @7'(Q) =24—20,and Q* =12. (B)R'(Q) =500- Q> (c) C'(Q) = —30* + 428.4Q — 7900

8. @Ck) =2ax+b, (®)C'K) = 3ax%

6.5
L@3 ®-1/2 (c)13*=2197 (d)40 (e)1 (f)—3/4

E 2 (?) 9.6931 (b) 1.0986 (c) 0.4055 (Actually, using the result in Example 7.12.2, the precise values of these three
- limitsare In2, In3, and In(3/2), respectively.)

4 3 (8) We have the following table (where % denotes undefined):

—

" 0.910.9910.9991[1.001]1.0171.1
P+7x-8

——— 18989
o |89(8.99|8.999 | x|9.001{9.019.1

v. =§(-b)x2+7x‘8=

L = 1)(x+8),50 6> +7x—8)/(x— 1) =x+8—>9asx— L.
05 @)y (©

)1 @) =2 ()32 (f)R?
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5. (a)1/6 (b) —oo (the limit does not exist). (€) 2 (d)V3/6 (©=2/3 (H1/4

6. )4 )5S (©6 (d2a+2 ©2a+2 (Hats

7. (@) —8 = (x—2)(2 +2x+4),sothe fimitis 1/6. () limy_o[¥/27 +h = 31/h = B
andi® =27 = (u — 3)@? +3u+9), 50 the limit is lim,_,3 1/ +3u+9) =1/27. L 27)’
©x-1=@x- 1)(}"—1 +xn—2+...+x+ 1),sothelimitisn.

6.6

1. @0 (b4 (© 90x° (d) 0 (Remember that 77 is a constant!)

2. @20® ©-® ©38@

3, (a)6x° ()33x%° (© s0x%°  (d)28x7% (o) Al (Hax? (@ —xY? ()32

4 (@)8tr B)AG+1Y © (=5/2A7 2

5. In (6.2.1) (the definition of the derivative), choose h = X — a 80 that a + h is replaced by x, and ; - Ot
For f(x) = 2% we get f'(a) = 2a. 'implies x o,

6. @F@W=1+C BF®=++3x+C (‘3)F(")=J€a+1/(a+1)+C.(InallcasesCisanm.st,inm_yeonmant
)

2_52 iiy
7. () With f() = #* and @ = 5, one has lim Eﬂ’%_i i mf_@ +_h; f(@)

On the other hand, f'(x) = 2x, so f'(5) = 10, and the limit is 10.
(b) Let f(x) = x°. Then f'(x) = 5%*, and the limit is equal to ff)=5-1*=5.
(c) Let f(x) = 5x* + 10. Then f'(x) = 10x, and this is the value of the limit.

6.7
L @1 B)1+2x (©)15¢+82 (@32F +x72 . (e) 53 —3x+152 (f)—-21x®

=f’(a) =f’(5).

2. @ &x—145 -2 B) 4B -F -1 (© 1000 4 5 4+ 43 — 52
differentiate.) (In (b) and (c), first expand and then

3.@ -6 () -1 () -3 @) —2/(x-1)? —4x~5 — 546 o
(g) -33r"12 () (2—3);-2 +%),x 1 4)/(x2 i x2+ 1)2 ) X Sx () 34/2x+8)

3 4x =22 +2
4. LT e
@ mary Oy Yo

5. (a)f'(L*) < f(L*)/L*. See Fig. A6.7.5. The tangent at P has the slope f'(L*). We “see” that the tangent at P is s

Zt.eep than the straight line from the origin to P, which has the slope f(L*)/L* = g(L*). (The inequality follows
irectly from the characterization of differentiable concave functions in Eq. (8.4.3).) .

4 1A\ 2 s L
(b) i (T) =5 [f (L) —)LL)-_\’ as in Example 6.7.7.

6.
@ [2,00) ®)[-v3,0]and [V3,00) (©) [~v2,v2] (@) (=00, }(~1~+/3)] and [0, 315N
T @y=-3+4 Gy=z-1 ©y=0Tx-19/4 @y=-~-3)/9 TS

8. R(t) =7 4 : e
Tgi)s ini’fél’é(’)- + P(03(¢). Here, R(¢) increases for two reasons. First, R(f) increases because of the pric® L
¢ is proportional to the amount of extraction x(f) and is equal to p(£)x(z). But R(®) at ) rises
| ,»&, 3

—_—r T F F



aaan|

Figure A6.7.5

' ses. Its contribution to the rate of change of R(t) must be pro

cﬁo;;ﬂ 11::6 ond R(), the total rate of change of R(r), is the sum of these tw
i() 1) n-1/2 :

p ad,bc)/(6’+ 02 ®alr+ 1) £ mbt=l ¢y Z(2ar 4 b)/ (@ + bt + cy?

portional to the price, and is

equal
0 parts. el o

( /
¥ product ale yields f'(®) - fX) +f () - () = 1,50 20" (x) - f(x) = 1. Hence, f'(x) = 1/2¢(x) = 125

lav - 1 ]d 4 —— . —_ . -1
I the quoticnt rule Y1elds £10) = (0 5” — 1-na~ly 0! = _pomaet g 0 e power rule,

ll' lff (x

8
b Jwe (dy/du)(du/dx) = 20u*~" dufdx = 20(1 + 22)32x = 40x(1 4 523
1 @

pdy/dr= (1~ 6u’) (du/dx) = (=1/x*)(1 = 6(1 + 1/x)%)

y @dr/d= @/dv)(@v/dn) = (=3)S(V + 1)*2 = —152(53/3 + 1)¢
v)dk/dt = (dK/dL)(dL/d) = Aa 4=1p = Aab(bt + ¢)*-!

@y =-5@ +x+ D@+ D O =[x+ @+ 22V 21 4 L iy 1-12))
0y =@ ox + 9)° + ¥bp(px + 9)°~' = X1 (px + 9/~ '[(a + b)px + ag]

4, (@7/d)yy = @Y/dK),_,, - (dK/dD),_, = Y'(K (1)K (8)

5 dY/dt = F'(h(r)) - W' ()

1 a

dx
6.x=b-~/a7:'=b—~/l7,Withu=ap—c.ThenE£=—mu’=—2—apJ_Tc.

LOK®=F6A2x (i) 1 (x) = f/ ("8 () ("~ g(x) + x7g/ (x))

8. bi1) is the total fuel consumption after ¢ hours, Then b/(f) = B’ (s(t))s’ (#), so the rate of fuel consumption per hour is
¢qual to the rate per kilometre multiplied by the speed in kph.

) dC/dx=q(25—% )-1/2
I, (a)f=5(4‘)4.4;? =20x" (b)y =3(1 —x)2(~1) = =3 + 6x — 32

1L @) (i) o5y 2
®6) 8(5) is the amount accumulated if the interest rate is 5% per year, which is approximately €1629.
) (5) is the ; : ol :
((b) §5)is the increase in this value per unit increase in the interest rate, which is approximately €155.
)80 = 1000(1 + p/100)10, 0 g(5) = 1000 - 1.05'% = 1628.89 to the nearest eurocent.

B &) = 1000. 10(1 + p/100)° - 1/100, so g'(5) = 100 - 1.05° = 155.13 to the nearest eurocent.
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12 @1+f0) OFEFO-1 @@ @@ +2®+3[fm]ry ©S0) 1 4

13.

OFW/[2VF®] @ RF® -L2r@YFOF O RFEFE =3¢ x))%)/
(a) Provided that x=0 and 0 < |h| < |x|, one has ;W(x**h)—«p(x)]: —(L_ 1)
h\x+h PE

— which tends to —1/x? as h — 0. In particular, ¢(x) = 1/x is differentiable if x #0 hix 5 hy S
(x+ h)x -

(b) For any x with g(x) # 0, if f and g are differentiable at x, then:
(i) combining (a) with the chain rule implies that 1/g(x) = ¢(g(x)) is differentiable at x;
(ii) the product rule implies that f(x) /g(x) =f(x) - [1/8X)] is differentiable at x,

6.9

@) =203 362 (b)) =(=1/4)x

(©y = 20x(1 + 2)°, and then " = 20(1 +°)° +20x - 9 2x(1 +x1)° = 20(1 + 2)3(1 + 19,2

2. dy/d? = (1+ )72 =21+ 22 = 1+ )72
3. @y =18x (b)Y" =36 (c)dz/df =-2 (d)f®(1) = 84000
4 P10 = 2t(l;t—_1;); 2 = (t::12)‘2 ,and g"(t) = 7 _:7'1)3, sogl@i=2
5. With simplified notation: y = f'g + fg’, Y’ =f"g + ¢ +f'¢ +f8' =f"e +2f'¢g +fg’,
andy” = f"g +f'¢ + "¢ +2'g" +18' +Fe" =f"g +3f'¢ + 38" +7g".
6. L=(2t—1)"2,s0dL/dt = —3 - 22t — 1)72 = —(2r — 1)7>/?, and *L/dP? = 3(21 — 1)-52,
7. @R=0 (M)R=1/2 ©R=3 (R=p
8. Because g(u) is not concave.
9, The Secretary of Defense: P’ < 0. Representative Gray: P > 0 and P’ < 0.
10. dL/df > 0
6.10

L@y=4+2x b)y=5-92 ©)y=~0:€—x)/e®=(1-x)e*

2.

3

@y =[A+2)E +1) = x+ 3D/ (€ + 1)? = [1 +2x + &1 + x — x2)]/ (& + 1)
@Y=-1-¢& Oy=2¢C+x @Y=€x-2)/x Q)Y =2x+e)1+e)

(a) dx/dt = (b + 2ct)e’ + (a+ bt + ct?)e! = (a+ b+ (b + 20)t + c?)e!

H2 L 3gPte — p+gf) 1 +0¢ _ —qft +2gF —pt—p
de v e el

dx
© 5 =26+ bi*)(a + 2bt)e’ — (at + bi*)2e'/(€')? = [t(a + bt)(—bP + (4b — a)t + 2a)le™"

@y =-3¢¥andy =9% ¥ (b)y = 62" andy’ = 6xe* (3 + 2)
©) = —x"%e* and ' = x~*e*2x+1) (d)y = 5(4x — 3)¢2° =3+ and y/' = 52 (165 = o419
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o, —1]and [0, 1
o Lidnd[051]
W ), so i increasing in[0,1]. (b)Y = €*(1 = 3¢*), 50y is increasing in (o0, ~4 In 3]
¢ y# W’u(lﬂ/(x 4 2)%, so y is increasing in [=3/2, co).
0 +3 goe el
(c)’/ﬁ (Zx/'*x ) %(et/Z 5 ke Y () T +e)? (@) 26 (¢ - 4 e
N)/f" (b)}/=2,+x2x1n2=2‘(1 +xIn2) ©Y =22°(1+21n2)
_5nd _ #105(1 +1n 10)
yZ 5'10‘1“ 10 =
L L
U

”=—1/JC2 (b))’/=2x—2/xandy"=2+2/x2

1y / x+x2andy"=x(61nx+5) @y = (1 -Inx)/x* andy’ = (2Inx — 3)/x*

i 1nx(31nx+2) () x(21n
? 2 ©enx+1/x) @ e’ (3 +2/x) (e) /(e +1)

_265(e — )2 (h) (4x — 1)e¥*

x—1)/(nx)?> (c) 10(nx)°/x (d)2Inx/x+6Ilnx+ 18x+6

2 =yl =
(a)l/(xlnx) ® /¢

' 2x+3)/
f( 1 (b)l/3<x<1 ©x#0
A

Hr (c)x # ¢ and x > 1
2,2), where y = —8x/(4 — x%) > 0iff x < 0. Thus, y is increasing in (=2, 0].

s

(xz+3x—1) (8

4“0

5, (3) le P4

. efined only in (=
s defined for ¥ > 0, where Y = 2@BIlnx+1) > 0iff Inx > —1/3. Thus, y is increasing in [e~1/3, 0).
yi

()yisdeﬁned forx > 0, where y = (1 — Inx)(Inx — 3)/2x* > 0iff 1 < Inx < 3. Thus, y is increasing in [e, ).
0
s= 1 (Dy=2r 7 =1n2 (ii)y=x/e ®)@Dy=x (@()y=2ex—e (iii) y = —e~2x — 4e~2

1@0)=
—olnx+2 OF@/fE=1/2x—4)+ 2/ + 1) + 4/ (x* + 6)

5 @f W@
©f ®W/f®) = 23 =11
@ (@1 +n2+1nx) (b 53 (Lnx+1) © L(vE) anx+1)
1y = vin, s0)//y = v'Inu + v fus and therefore y = u” (v’ Inu + vi'/u).

(Allematively, note that y = (e™#)” = ¢*'**, and then use the chain rule.)

IL@Letfx)=€"—(1+x+ %xz). Then £(0) = 0 and f'(x) = " — (1 +x) > 0 for all x > 0, as shown in the
exercise. Hence f(x) > 0 for all x > 0, and the inequality follows.

(b) Consider the two functions f; (x) = In(1 +x) — -;-x and f,(x) = x — In(1 + x). For more details, see SM.
(¢) Consider the function g(x) = 2(y/x — 1) — Inx. For more details, see SM.

teiiew exercises for Chapter 6

- UGB = @) /b = [+ B2 — (x4 B) +2 — 2 +x—2)/h = 2+ —hl/h=2x+h— 1
: &;:T:‘fo*%) ~f®)]/h — 2x—1ash — 0,s0f'(x) =2x— 1.

T = f@)/h = —6x2 + 2x — 6xh — 212 + h —> —6x2 + 2xash = 0, 50 f/(x) = —6x% + 2x.
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3 @y=2y=0 By=3y=2 @Y ==%1Y'=-98 @y=
©F = 1/10, ¥ =0 @y =5A+55 ¥ =2 = 0 @yiEREE
M)y = —x2 =37, y =2 107 ¥4

¥

Because if C'(1000) = 25, the additional

~ C(1001) — C(1000), if C(1 : cost of

4 1000 unig 1(31 gzmdma(nely 25 per unit. If the price per unit is fixed at 30, the extrg.
slightly above 1000 units is approximately 30 — 25 = 5 per unit.

5. (a)y=-3andy = —6x= —6atx=1,s0y—(=3)=(-6)(x—1),0ory = -6x+3
(®b)y=—l4andy = 1/2/x - 2x = -31/4atx= 4,50y = —(31/4)x + 17.
©y=0andy = (-2 — 8 +60)/(x+3)* = —1/4atx=1,50y = (/) z = 1),
6. The additional cost of increasing the area by a small amount from 100 m? is approxima
7. @f@) =X +xs0f®W=3x+1 bW = =5w™8 (©) h() =y(® = 1) -_-yi‘
@GN = (=22 —A+6)/E+3? ©¢E) =@-2%6)/E+2® OF ()=
8. (a)2at (b)a® -2 (c)2xp—1/2/p »
9. (a)y = 20w =20(5 — 2?)(—2x) = 40° —200x (b)Y = 2%/17 o - ﬁm g
10. (a) dZ/dr = (dZ/du)(du/dr) = 32 — 1)?2u3f = 18° (1° - 1) . 4

(b) dK/dt = (dK/dL)(dL/dr) = (1/RVLD)(=1/2) = —1/22 YT+ 1]i] . ¥

11 (a)%/x=2a/a+b/b (b)i/x=ca/a+pb/b (©)¥/x=(@+p)(ad'a+ ,,,,p-l,,y

12. dR/dr = (dR/dS)(dS/dK)(dK/di) = S ByK? ~tAp#~! = AaypPiseigr=1

13. (@K' (L) =apl* (L + b~ B)C(Q) =a+2bQ (¢) P'(x) = ax'/4~" (ax!/2 + b) ‘

W @y =-7¢ O)Y=-6e> ©y=x7C-% @Y=en6?+2)+

15. () [1,00) (b)[0,00) (c) (—00,1] and [2,00) f )T TR )
16. @ j”—Q =PQ+OP@-c ® 5 =PFD)~u

Chapter 7 :
4.1

1. Differentiating w.r.t. x yields 6x + 2y =0, so y = —3x. Solving the given equation
implying that y = —3x.

2. Implicit differentiation yields () 2xy + x?(dy/dx) = 0, and so dy/dx = —2y/x. D
x gives 2y + 2x(dy/dx) + 2x(dy/dx) + x2(d%y/dx2) = 0. Inserting the result for
d?y/dx? = 6y/x%. These results follows more easily by differentiating y = x72 twice.

3. @y =(010+3y)/(1-3x) =-5/(1 - 3x)? and y'=6y/(1 -3x) =-30/(1 -3
®)Y =6x°/5y* = (6/5)x'/° and y" = 6x*y~* — (144/25)x1%~0 = (6/25)x~%5.



